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Abstract: The long-term memory means a sustainable arbitrage or no-arbitrage. There are many methods to 

determine the characteristics of long-term memory of a financial series. 

In the present paper we investigate and propose a new criterion to measure the characteristics of 

long-term memory of sequences with any correlations via a generalized SEV argument. The superior 

performance of this new approach here can be illustrated in empirical analysis. This conclusion implies that 

there is a new sustainable arbitrage (or no arbitrage) principle via a SEV criterion. 

 

Key words and phrases: Arbitrage; Long-term memory; Generalized measures of correlation; 

Nonparametric estimation. 

 

I. Introduction 

The efficient market hypothesis is the most important foundation of the modern financial theories. 

Since Eugene Fama presented it, many theories based on the efficient market hypothesis have been established 

and developed. However, it has been challenged because of some deficiencies such like too many hypothetical 

conditions and the difficulty of empirical testing. In the 1990s, in order to relax the assumption of normal 

distribution and make the theory closer to reality, some scholars put forward the fractal market hypothesis. The 

long-term memory is one of the main characteristics of fractal market, it means that the autocorrelations of 

returns at very high lags, decay at a slower, hyperbolic rate, rather than at the exponential rate in a standard 

ARMA process. 

The long-term memory of time series is closely related to the observed data, and this phenomenon is 

not first noticed in the economic and financial fields. In fact, some scholars found the long-term memory during 

the data analysis in the fields of physics and hydrology in the 1950s. Hurst
[7]

, Mandelbrot and Wallis
[9]

, Mcleod 

and Hipel
[10]

 have studied the long-term memory of time series in the fields of hydraulics, meteorology and 

other natural sciences. A classic example of long-term memory is the continuity of the annual lowest river stage 

of the Nile from 1007 to 1206, and it is known as the Hurst effect. Along with the deepening of research, we 

found that many other financial time series have such characteristic. So the long-term memory has been a focus 

of the financial research in past 20 years. 

There are three main methods to estimate the long-term memory parameters of stock market returns. 

Firstly, the non-parametric estimation methods, including classical R/S method, modified R/S method etc.
[8]

. 

The second is parameter estimation method, which uses the unconditional exact likelihood function derived by 

Sowell
[14]

 to estimate the parameters of a stationary univariate fractionally integrated time series. And the last 

one, semi-parameter estimation methods mainly including log-periodogram(LP), local Whittle estimation(LW) 

and exact local whittle(ELW) etc.
[12]

. So it is not difficult to find that there is still no uniform judgment standard 
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for long-term memory, and many shortcomings need to be solved in studies. 

The long-term memory of financial asset returns refers to the remarkable autocorrelation of the return 

series, even apart of many spacing, which means the historical events would influence future events for a long 

time. And it is noteworthy that self-similarity is a special kind of autocorrelation, so self-similarity process must 

be a long-term memory process. Long-term memory can be defined in both time and frequency domain. In time 

domain, it appears as the autocorrelation coefficient decays at a slow hyperbolic rate. In frequency domain, the 

autocorrelation coefficient is given from the spectrum. 

In this paper, we mainly research the definition in time domain. Considering a time series      

           and we define    as the autocorrelation at lag k. Then a correlogram can represent the 

autocorrelation function of a time series and describe some linear properties in most cases. The autocorrelation 

function    of the stable and reversible ARMA model is finite. However, many time series observed in 

practice have long range dependence that maybe not obvious but cannot be ignored. So the autocorrelation 

satisfies 

       ( )                            (1) 

where  ( ) is any slowly varying function at infinity and is described in detail by Resnick
[11]

. 

McLeod and Hippel proposed a usual definition of long-term memory is that 

      ∑ |  |    
                             (2) 

And a wider definition of long memory is to include any process which possesses an autocovariance 

function for large k, such that 

    ( )                                 (3) 

Where  ( ) is a slowly varying function. Helson and Sarason
[6]

 show that any process with H>0 and 

autocovariance function given by (3) is long range dependent. 

Certainly, there are several different definitions. And we can see that Pearson's correlation coefficient 

is generally used as a tool of measuring the dependence of time series. But this coefficient can only consider the 

linear correlation. Therefore, we noticed that ignoring nonlinear correlation may cause error results of 

measuring long-term memory. Finding a reasonable approach that can solve this problem is what we mainly did 

in the article. 

In fact, an alternative definition ‘extended memory’ is advanced by Granger and Ding
[4]

, which 

attempts to capture a more general feature of data. Let     (  )        |          be the optimum 

least-squares forecast of      based on the information set            . If for all       (  ) does not tend 

to a constant as   become large, then    is said to have extended memory. The definition has more impact if 

deterministic processes such as chaotic and series with limit cycles are excluded from consideration. As the 

extended memory not only considers the linear properties of time series, but also can include optimum nonlinear 

forecasts, obviously it is a effective supplement to long-term memory. So far, little research has been done for 

this conception. So in this perspective, we chose the generalized correlation coefficient,     , which can 

measure both linear and nonlinear correlation
[2]

, to replace the autocorrelation coefficient    in judging 

methods. We hope to solve the problem of ignoring nonlinear correlation when measuring the long range 

dependence and prove that      has an improved performance compared with    by some specific examples. 

 

II. Preliminaries 

According to the above, we need a new correlation coefficient for both linear and non-linear correlation. 

In this paper, we use the SEV (sure explained variable) which is derived from the generalized measures of 

correlation-GMC. 



Sustainable arbitrage based on long-term memory via SEV 

International Journal of Business Marketing and Management (IJBMM)              Page 28 

The concept of GMC was proposed by Zheng et al. in 2012
[15][1]

. It's definition comes from the formula of 

variance decomposition: 

   ( )      ( ( | ))   (   ( | ))                (4) 

where  (          (  )   .  ( | )  is the condition expectation of    under given  , and 

   ( ( | )) measures the variance of the condition expectation of   due to  . Then    ( ( | ))  

   ( ) is the explained variance of   by  , and define 

   ( | )  
    ( ( | ))

   ( )
   

 (   ( | ))

   ( )
 

   
 (   ( | ) )

   ( )
                           (5) 

GMC always appears in pairs, i.e.    ( | ) and    ( |  ), variables   and   have the same 

meaning and there is no difference between response variables and exploratory variables, so it can be used 

research the asymmetry in explained variance. However, in this paper we need to use correlation coefficient to 

describe the long-term memory of financial time series, which means the influence of previous data on future 

data. So we suppose   is always a response variable and   is an exploratory variable, then get 

    ( | )    
 [   ( | ) ]

   ( )
                    (6) 

as the correlation coefficient we want. 

Here in the notation, the similarities and differences and relations of Pearson's correlation coefficient and 

SEV will be clear from the following Proposition 1. 

Proposition 1: Suppose   is a response variable with a finite second moment,   is an exploratory variable,   

is a random error with finite variance.  ( ) is a measurable function and    ( ( )) exists.   and   are 

independent. The following properties hold: 

(1) If    ( ), almost surely(a.s.), then    ( | )   . 

(2) If    ( )   , then    ( | )     ( ( )) (   ( ( ))     ( )). 

(3) If     ( )     , where  ( )     , constants    , b, then    ( | )      
 . Here     is 

Pearson's correlation coefficient. 

(4) If      ,    ( | )    , and if    ( | )   ,       naturally. 

(5) If        or 1,    ( | )   . 

(6)    ( | )      
 . 

And the following simple example gives a impression on how SEV is different from Pearson's correlation 

coefficient. We suppose   is a standard normal random variable. Let     . Then    ( | )   , while 

     . 
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Figure 1: The Pearson's correlation coefficients of some kinds of point distribution 

 

From the above example and figure we can see that for some no-linear dependence cases, Pearson's 

correlation coefficient is 0. So in terms of measuring the dependence strength, SEV is more powerful than 

Pearson's correlation coefficient. And the interpretation of SEV is simple and straightforward. 

As a result, Pearson's correlation is a special case of SEV. And it is clear that SEV can be applicable in 

measuring both linear and nonlinear correlation and lead to more meaningful conclusions and improved 

judgement making. 

Then we use SEV to replace the Pearson's correlation coefficient. As we all know, autocorrelation is a 

mathematical representation of the degree of similarity between a given time series and a lagged version of itself 

over successive time intervals. We suppose there is a time series               and the generalized 

autocorrelation at lag k should be defined as     , 

        (    |  )  
   ( (    |  ))

   (    )
                  (7) 

Then we can get the generalized autocorrelation function      and apply it to test long-term memory. Just like 

   the decay of correlation is still the most important measure. So we propose a new judging method based on 

    . That is if the generalized autocorrelation of a time series satisfies 

         ( )                            (8) 

where  ( ) is any slowly varying function at infinity , then we think this time series has long-term memory. 

 

III. The nonparametric estimation of SEV 

We note that the calculation of SEV requires the variance of conditional expectation and the 

conditional variance. If the relationship between a response variable and an exploratory variable is known, 

   ( | ) can be calculated directly. But in practice, it is often un-known, and hence a statistical estimator of 

   ( | ) has to be provided for numerical evaluations. 

Different from the common kernel estimation method, we present a new local smoothing estimation 

method to improve the accuracy and effectiveness of the nonparametric estimator in this section. Let 

(     )           be a i.i.d random sample,  ( |   ) is the condition expectation of 

    (  )                                    (9) 

where  ( ) is a unkonwn function,    is a set of random error terms with mean of 0 and variance of   . Use 
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Taylor's expansion, we have 

 ( )    (  )    (  )(    )     (    )          (10) 

where    is a neighbor point of  . So we get the estimator 

( ̂( |   )  ̂)           ∑  (
    

 
)(      (    ))

  
      (11) 

In the equation,  ( ) is a given Kernel function. Let   (    )   ((    )  ), then we have the weighted 

least squares estimation 

 ̂( |   )  (   )(    )                    (12) 

While 

  (

  

 
  

)    (
 
 

(    )
 

 (    )
) 

and       (  (         (    )). So, the estimator of  ( ( |   ))  is 

 ̂( ( |   ))  
 

 
∑ ( ̂( ( |   )))  

 

 
∑ ( ̂(  ))

  
   

 
      (13) 

Set    ∑   (    )(    )
           

    and    ∑   (    )(    )
   

 
           Then 

through simple algebraic calculations, we can obtain a set of numerical solutions of  ̂( ), that is 

 ̂( )    (   ) [
    

    
] (  

  
)

∑   (    )(      
  (    ))   

 
   

∑   (    )(      
  (    )) 

 
   

     (14) 

Then replace the mean and variance of the population with its sample form, the local smoothing estimator 

of SEV is 

   ̂  
   ∑  ̂(  )

   ̅  
   

  
                        (15) 

With the above nonparametric estimation method, the result of      of time series can be obtained 

through R software. 

 

IV. Empirical analysis 

In this section, firstly we use two special counter examples to illustrate the limitations of Pearson's 

correlation coefficient in measuring the long range dependence and prove generalized measures of correlation 

SEV can solve these problems. So it is necessary and reasonable for us to introduce generalized correlation 

coefficient. 

 

We consider the following two special time series A and B. 

 

Figure 2: Special time series A 
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Figure 3: Special time series B 

 

We first observe these two situations from time series images. The time series A is similar to ECG, 

with almost same regular jumps. Obviously, it is self-similar and shows a general rising trend. According to the 

existing research on ECG, the Hurst index of normal ECG is always greater than 0.5 and close to 1. And time 

series B seems like a trigonometric function, it also has self-similarity. It's easy to say that these two special 

time series are both long range dependent. 

Then we apply the R/S analysis method to further prove long-term memory for time series A and B. 

This method can calculate Hurst index—H, if      , the time series is an independent process without 

long-term memory; if        , it is a long range dependent process; and if         , it has 

anti-persistence. 

 

 

Figure 4: Hurst index of time series A      Figure 5: Hurst index of time series B 

 

As a result,          ,          . It's easy to say they both show long-term memory. But can we 

get this conclusion from classical autocorrelation function (ACF)? 
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Figure 6: the classical ACF of time series A      Figure 7: the classical ACF of time series B 

 

According to Figure 6, except at the time points of jumps, the autocorrelation coefficients of time series 

A are always small | almost 0. So we can not see it decaying at a slow hyperbolic rate. There is no characteristic 

can tell if the time series A is a long range dependence process. 

Then we use      to replace   , and obtain the generalized autocorrelation function in Figure 8. The 

result shows that                  vary in an acceptable range and it decrease slowly in general. In 

conclusion, the time series A has long-term correlation. 

Next, we observe these two kinds of ACF of time series B. From Figure 7, there exists long-term 

memory according to the usual definition Eq(2). However, for some lag times,    = 0. It is not in accordance 

with the fact that time series B and any lagged version of itself are highly correlated. In Figure 9, the generalized 

ACF can describe and explain the real characteristics of time series B better, as      is close to 1 at any k. 

 

 

Figure 8: the generalized ACF of time series A   Figure 9: the generalized ACF of time series B 

 

Next, we observe these two kinds of ACF of time series B. From Figure 7, there exists long-term 

memory according to the usual definition Eq(2). However, for some lag times,      . It is not in accordance 

with the fact that time series B and any lagged version of itself are highly correlated. In Figure 9, the generalized 

ACF can describe and explain the real characteristics of time series B better, as      is close to 1 at any k. 

To summarize, the generalized ACF which considering nonlinear correlation can solve the problem 

that the classical one can not determine long-term memory in some cases. Similarly, it can also help us obtain 
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the result about time series autocorrelation that is more closely fit the actual state. 

Testing long-term memory is an important subject in finance. So we apply the test statistics to the practical 

financial data, the daily returns of B share index of Shenzhen Stock Market from 2nd January, 2018 to 28th 

December, 2018. 

 

Figure 10: the two kinds of ACFs of real financial data 

 

We use two different methods to analyze the real data and get the corresponding ACF in Figure 10. The 

presentation states that      is always larger than    at the same lag time and this two kinds of ACFs are 

similar in fluctuation. We can propose that this time series is not a long range dependence process because of 

the autocorrelation coefficient decaying quickly. 

The real example helps us to examine the validity and the generality of the new method for testing 

long-term memory. In general, the result of generalized ACF is similar to the classical one so it won't affect our 

judgment or lead to erroneous conclusions. 

 

V. Conclusions 

Long-term memory (long range dependence) has been defined in time domain in terms of 

autocorrelation power law decay. But the nonlinear correlation is not considered in autocorrelation function  . 

This paper focuses on this problem and proposes a new method for testing the existence of long-term memory to 

improve decision making and to give a new criterion to arbitrage to no arbitrage for a financial market. We find 

a generalized measure of correlation-SEV and introduce a new local smoothing estimation method to improve 

the accuracy and effectiveness of the nonparametric estimator for it. And the results of empirical analysis show 

the generalized autocorrelation function      has superior performance in judgment making and characteristic 

presenting. In other words, one can induce the related the arbitrage principle via a new model about long-term 

memory based on the SEV structure frameworks. 
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